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Abstract
We study numerically and experimentally the re¯ection of spatial solitons at the interface between a nonlinear
saturable-type medium and a linear one. We emphasize on determining the physical conditions under which the re¯ected beam at the interface conserve its nondiracting properties. Depending on the incidence angle, we ®nd three
critical regions for spatial soliton conservation after re¯ection. We numerically show that the nonlinear Goos±H
anchen
shift can have a dramatic eect on the diracting properties of the re¯ected beam. Ó 2001 Published by Elsevier Science
B.V.
PACS: 42.65.Jx; 42.79.Gn
Keywords: Spatial solitons; Photorefractive eect

1. Introduction
The problem of an incidence beam at the interface formed by two nonlinear media of dierent
refractive index, is a fascinating problem from the
physical point of view. The re¯ected beam angle
may be controlled easily by varying the power of
the input beam, without changing the incident
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angle of the input beam. This could result in all
optical switching devices.
The problem of an interface between a linear
and nonlinear Kerr media, in which the incident
waves propagate from the linear side, has been
previously studied [1±3]. Kaplan [1,2] predicted
bistability of the re¯ection coecient as a function
of the incident intensity. Subsequently, numerical
simulations performed by Akhmediev [3] using
localized Gaussians beams of ®nite transverse extent, failed to show bistable re¯ection. These results con®rmed the existence of stable and unstable
stationary nonlinear surface waves, exposing several exciting new phenomena such as nonlinear
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Goos±H
anchen eect and the transmission of selffocused channels (or solitons) through dielectric
interfaces. Other important investigations were
made by Aceves et al. [4±6]. Their theory addresses
the propagation of self-focused channels in two or
more nonlinear dielectric media. The nonlinear
wave packet representing the self-focused channel
is represented as an equivalent particle moving in
an equivalent potential. The dynamics of the particle is described by Newton's equations of motion,
with the asymptotic propagation paths of the
channel being read o from the associated phase
portraits of the equivalent potential. Subsequently,
special cases of nonlinearity, have given rise to a
broad variety of interesting phenomena. Among
them, we can ®nd ®lamentation [7], optical bistability [8], surface waves [9,10], etc. Furthermore,
the proposed practical applications of these phenomena include controllable scanning beams [11],
optical gates [12], weak beam ampli®cation [13]
and so on.
However, the problem of internal re¯ection of a
bright spatial soliton in the interface nonlinear
saturable-linear media has not been analyzed in
detail. This problem may ®nd practical applications when the spatial soliton acts as an optical
wave guide for a weak beam of a dierent wavelength [14,15]. Some materials, for example,
photorefractive crystals (PRC) exhibit saturable
nonlinearity at very low powers, and in this paper
we analyze, from the numerical and theoretical
point of view, the behavior of a one-dimensional
bright spatial soliton in a medium with saturable
nonlinearity as it reaches the boundary with a
linear medium. In particular, we are interested in
determining the conditions under which a spatial
soliton is obtained after re¯ection by the interface.
Another important characteristic to conclude is if
the incidence angle is conserved. The plan of present paper is as follows. In Section 2 we propose
the mathematical model for the nonlinear saturable-linear interface. Since analytical solutions in
nonlinear saturable mediums are unknown, we
®nd stationary numerical solutions. These solutions are launched in a nonlinear interface with
adequate parameter selection (angle of incidence,
initial position of the beam, initial amplitude, etc.)
and the total internal re¯ection is characterized. At

the end of this section, we use Lagrangian approach to study if the re¯ected beam is soliton or
not. In the last section, we present preliminary
experimental results of total internal re¯ection of
(2  1)D spatial soliton in photorefractive SBN61:
Ce crystal. Finally, the conclusion of the work is
presented.

2. Mathematical model for the nonlinear interface
Fig. 1 shows the geometry of the nonlinear interface of interest. The interfaces lies in the y±z
plane at x  0, it separates a nonlinear medium
with saturation on the left and a linear medium on
the right. The nonlinear medium is characterized
by a refractive index of the form [16,17],
n1 I  n01  g

ljaj

2

1  ljaj

2

1

where n01 is the linear refractive index, l  Isat =a20
is the saturation parameter, a20  Imax 0 is the intensity of the uniform background illumination.
g  LD =LNL or g  n01 k0 x20 = 1=k0 dn0 , is the nonlinear coecient of the medium, x0 and a0 are the
width and initial amplitude respectively, ja x; zj2
is the beam intensity, dn0  1=2rn301 V0 =L is the
nonlinear contribution to the refractive index,
where r is the eective electro-optic coecient, V0
is the externally applied voltage, and L is the
transverse width of the crystal. Eq. (1) describes a
nonlinear saturable medium when drift mechanism
is dominant [18,19] for the case of a slit beam. In
the other hand, the linear medium (right side of
Fig. 1) is characterized by a constant refractive
index n02 with n01 > n02 . In Fig. 1 bright spatial
soliton is depicted at the beginning of the nonlinear medium, the incidence (hi ) and the re¯ection
(hr ) angles are also shown. The mathematical description of our problem is restricted to the case
when a laser beam propagates in the positive direction of the z-axis, with linear polarization perpendicular to incident plane,
Ey  12a x; z expi xt

k2 z

2

where a x; z is the slowly varying complex amplitude of the (1  1)D beam, x is the carrier fre-
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Fig. 1. A bright spatial soliton falling upon an interface between a saturable-like nonlinear and a linear media.

quency, and k2 is the wave number. A valid approximation was assumed and that the complex
amplitude satis®es the equation,
2ik2

oa 1 o2 a
dn x

 k22
a
oz 2 ox2
n02

3

where dn x represents the nonlinear contribution
to the refractive index. The refractive index pro®le
of the two media at both sides of the nonlinear
interface takes the form,
"
#
2
ljaj
dn x  n01 n02   g
f x
4
1  ljaj2
where f x is a function which describes the spatial
behavior of the interface. If the interface is abrupt,
we considered a step function for f x; it means
f x  U x, where U x  1 if x 6 0, U x  0 for
x > 0. In computer simulation it is more conve-

nient to use smooth function f x  s x 
1=21 tanh jx to describe general interface,
where j represents the steepness of the interface.
Notice that as j increases s x ! U x.
If we substitute Eq. (4) into Eq. (3) we obtain,
#
"
2
oa 1 o2 a
ljaj

a
i
 gf X  D 
2
oZ 2 oX 2
1  ljaj
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where D  n01 n02 =~
n2 ja0 j2 represents the normalized refractive index dierence; Z  z=Ld is the
normalized propagation distance to the diraction
length Ld  k0 n01 x20 , X  x=x0 is the transversal
coordinate normalized to the initial beam width,
the complex amplitude of the beam is normalized
to the initial amplitude peak value.
Stationary solutions of Eq. (5) can be found by
numerical techniques. We assume that the input
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Fig. 2. Pro®les of numerical solutions for dierent values of (a) saturation parameter, (b) saturation coecient. The pro®les are
compared with a Kerr-like one.

soliton beam is far enough from the interface, with
f X   1 and D  0. If we using the standard
ansatz,
a X ; Z  / X  exp

icZ

6

where asol X X0 ; 0 is the numerical soliton solution, X0 is the input beam center normalized
coordinate, parameter V characterizes the incidence angle in normalized coordinates X , Z:
V  tghi  k2 a0

9

Substituting the Eq. (6) into Eq. (5),
1 d2 /
 c/
2 dX 2

g

lj/j2

7

2

1  lj/j

Eq. (7) is integrated numerically by the fourth
order Runge±Kutta method for dierent parameters values g; l. In Fig. 2a the solution pro®les
are showed. If parameter l increases, the beam
width grows. The hyperbolic secant solution, that
is valid for a Kerr-type medium, is also shown in
this picture for comparison. In Fig. 2b the solutions are show when l and / are constants and
parameter g is varied. In this case the pro®le width
decreases and it is very close to the hyperbolic
secant solution with numerical values of l  1 and
g  3. So, for numerical simulation of the internal
re¯ection of spatial soliton we used as initial condition. The numerical solution is,
a x; 0  asol X

X0 ; 0 exp iV X

X0 

8

3. Numerical simulations of total internal re¯ection
of one spatial soliton
The Eq. (5) has been solved by conventional
split-step numerical technique [20] with initial
conditions given by Eq. (8). In computer simulation we used f X   s x, with j  10. This value
has demonstrate be a good approximation for the
steep nonlinear interface because for values of
j > 10 the result does not change signi®cantly.
Fig. 3 shows the total internal re¯ection of a spatial soliton. Notice that when a spatial soliton
approaches the interface and is re¯ected, its peak
intensity and width remains practically the same,
proving that V parameter is small enough. In
consequence, the energy is approximately conserved during the re¯ection at the nonlinear interface, this means that, the re¯ection of solitons
may be called elastic.
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Fig. 3. Total internal re¯ection of the bright spatial soliton in
saturable media, (Vin < Vcr ). The numerical value of the incidence angle is V  0:5, initial position X0  5.

Fig. 4a shows the re¯ection of a spatial soliton
with the incidence angle of V  1. In this case the
energy is splitted between re¯ected and transmitted
beams. The beam transmitted to the linear medium
spreads due to diraction, while the beam re¯ected
to the nonlinear medium conserves its soliton
properties. Notice, that the width of the re¯ected
soliton is bigger than that of the incident soliton
due to the energy loss. This loss appears due to
transmittance of high frequency components of
the soliton spatial spectrum to the lineal medium.
As a result the soliton spectrum is shifted to the
low frequency region and the eective angle of
re¯ection is decreased. In case of rather big incidence angle, the soliton is almost totally transmitted to the linear medium and diracted (V 
1:5, Fig. 4b).

Fig. 5. Position of the beam center as a function of the propagation distance for several values of the incidence angle of the
input spatial soliton (a) V  1:1, (b) V  1:4, (c) V  1:7.

In Fig. 5 the position of the ``integral'' beam
center as a function of the propagation distance
for several values of the V parameter was plotted.
The ``integral'' beam center is de®ned in the standard form,

Fig. 4. Re¯ection and transmission of the bright spatial soliton for an initial incidence angle (a) V  1:7 and (b) V  2:3. The initial
energy is splitted into the re¯ected and transmitted beams, but the re¯ected beam is still a spatial soliton.
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propagation distance. Using the variational approach it is possible to establish the relation between the width and the amplitude of a soliton-like
beam. The Lagrangian of the Eq. (5) is [21]:

Z ( 
2
i
oa
oq
1 oa
a
a
L
2
oZ
2 oX
oZ
)
g
2
2
ln 1  ljaj  dx
 gjaj
11
l
where X, y, Z are independent variables, a and a
are dependent variables. The general Euler±Lagrange equation for m independent variables is
[22],


m
oL X
o
oL
0
12
oyi j1 oxj oyij

Fig. 6. The re¯ection angle as a function of the incidence angle.

R1 
a Xa dX
1
^
x  R1
aa dX
1

with i  1; 2; . . ., yij  oyi =oxj ; yi as dependent
variables, and xj as independent variable.
We use the standard ansatz corresponding to a
Gaussian beam,
a X ; Z  A Z exp

10

In case that the input beam splits between the
two media, the re¯ected beam center, is calculated
with a zero in the upper limit of the integral in Eq.
(10). Fig. 5 one also can observe the dependence of
the Goos±H
anchen shift and the penetration depth
with the incident angle.
The unusual behavior of the angle of a spatial
soliton re¯ection can be also observed in Fig. 6.
When the absolute value of Vi parameter for the
input soliton increases (in terms of collision it can
be interpreted as the initial velocity growth) the
resulting Vr parameter for the re¯ected soliton
decreases due to the loss of momentum.
4. Variational approach
To be sure that the re¯ected beam is really a
spatial soliton in a computer simulation, it is
necessary to observe its behavior over a long

 exp i x

x

x Z2
2a2 Z

!

x Z2 b Z  u z

13

where A Z is the real amplitude of the Gaussian
beam, a Z is the beam width, b Z is the parabolic
phase front curvature, x Z is the coordinate of the
beam center, and u Z is the phase shift. Further,
suppose a stationary beams self-trapping in saturable media which propagate parallel to the Z-axis,
x Z  0. Using the Eq. (13) in Eq. (11) we obtain
the reduced Lagrangian,
ou
1
1 ob
 gaA2 A2
b 2 a 3 A2  a 3 A2
oz
4a
2 oZ


Z 1 
2
g
x
p
ln 1  lA2 exp
dX
a2
pl 1
14

hLi  aA2

When the reduced Lagrangian is introduced
into Eq. (12) analytical solutions do not exist,
however if we simplify Eq. (14) assuming l  1:
ln1  lA2 exp x2 =a2   lA2 exp x2 =a2 , is pos-
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sible to ®nd an the variations of width a, amplitude A and the phase u of a beam are,
ob
ou A
 2aA
2b2 Aa3  2Aag
oZ
oZ
2a
Z


g o
p
ln 1  A2 l exp
x2 =a2  dx
l p oA
15

dLA  Aa3

3 ob
ou A2
 A2

3b2 A2 a2  gA2
dLa  A2 a2
2 oZ Z oZ 4a2


g o
p
ln 1  A2 l exp
x2 =a2  dx
l p oa
16
dLu 

o p 2
pA a  0
oZ

17

Notice that Eq. (17) is a consequence of beam
energy conservation. It means that the power of
the beam is constant along the propagation distance Z. To ®nd a relation between the beam
width and its amplitude, one can multiply the Eq.
(17) by a, Eq. (16) by A, and add results ®nally
obtaining:
4a

ob 2
A
oZ
Z

g
o
p 3A
ln 1  A2 l exp
l p oA
Z

1
o
 p 2ag
ln 1  A2 l exp
oa
l p
A2
2 0
a


x2 =a2  dx  4agA2

x2 =a2  dx

18

Introducing a new variable t  x=a in Eq. (18),
after some algebraic manipulation, it is possible to
obtain information on the beam width variation as
a function of the peak intensity in the form of
equation:

Z 1
1
4g
exp t2 
p

dt
a2
1  lA2 exp t2 
a p 0

Z 1 
8g
t2 exp t2 
 p
dt
19
1  lA2 exp t2 
a p 0
2

The relation between width (a) and intensity (jAj )
is plotted in Fig. 7. Numerical solution of Eq. (5),
is in good agreement with the behavior of the

Fig. 7. Characteristic curve of the beam width as function of
intensity. All the beams with parameters satisfying this curve
are solitons.

characteristic curve of Fig. 7. Furthermore, using
this curve it is possible to determine if the re¯ected
beam is a soliton or not.
5. Experimental results
In our experimental results a Gaussian beam is
used for total internal re¯ection at an interface was
formed by a nonlinear an linear media. SBN:61
crystal whit an electro-optic coecient (r33 ) 224
pm/V, refractive index 2.33, and 5 mm  5 mm 
10 mm dimensions, is used as a nonlinear medium,
the linear medium is air. The experimental setup is
shown in Fig. 8, where a cw He±Ne laser b (632.8
nm, 10 mW power) is used to illuminate uniformly
the PRC, the cw He±Ne laser a (632.8 nm, 20 mW
power) is used to generate the Gaussian beam. A
pair of mirrors are used to control the incident
angle at the input face of the PRC. The output
image is captured by CCD.
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Fig. 8. Experimental setup.

Two cases can arise to analyze the properties of
the incident beam, depending of the incident angle.
5.1. First case
Re¯ection and transmission: The width of the
beam in the input face (1 1 0) was 35 lm and the
angle between the incident beam and the normal of
the input face was 2:57°. In this case, the initial
beam (see Fig. 9a), after being re¯ected by the face
(0 0 1) is splitted in two beams namely, one re¯ected and one transmitted without voltage applied as depicted in Fig. 9b. When 300 V/cm are
applied to the crystal along of the face (1 1 1), the
re¯ected beam is self-focused (see Fig. 9c) and the
beam transmitted to the linear medium is diffracted. These eects correspond to numerical
predictions previously explained in Section 3 (see
Fig. 4a).
5.2. Second case
Total internal re¯ection: The width of the beam
is the same and the angle between the incident
beam and the normal of the input face was 1:25°.
The initial beam (see Fig. 10a) is re¯ected totally
by the face (0 0 1) without voltage applied as de-

picted in Fig. 10b. When 600 V/cm are applied to
the face (1 1 1) and after 20 s, the re¯ected beam is
self-focused as shown in Fig. 10c. This corresponds to the case of total internal re¯ection previously explained in Section 3 (see Fig. 3).
The results presented in Fig. 10c, are in good
qualitative agreement with the general behavior of
the spatial solitons ± a stronger nonlinearity can
give place to (i.e. the higher value of the dc voltage
applied) narrower beams.
This preliminary experimental results can
be considered satisfactory and corroborate the
numerical and theoretical predictions about the
physical conditions to generate self-focused beams
in total internal re¯ection.
6. Conclusions
Total internal re¯ection of spatial soliton at a
nonlinear interface, which divides a saturable-like
and a linear medium was studied. This study was
focused on the possibility to obtain a re¯ected
spatial soliton. Our results show that there are
three fundamental cases:
(i) if Vin < Vcr , we have total internal re¯ection.
(ii) if Vin 6 Vcr , the soliton is re¯ected and transmitted and, if the re¯ected beam correspond to
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Fig. 9. Transverse pro®le for one beam transmitted and re¯ected on the (a) input face crystal, (b) output face crystal
without voltage, (c) output face crystal with 300 V.

characteristic curve (Fig. 7), then it is a soliton. In
this region the re¯ected soliton is aected by a
Goos±H
anchen shift. Finally, (iii) for large input
angles Vin  Vcr , a large part of the input energy is
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Fig. 10. Total internal re¯ection of one beam for (a) input face,
(b) output face crystal without voltage, (c) output face crystal
with 600 V.

transmitted to the second medium in the form of a
spreading beam. In this case, the re¯ected beam
does not form a spatial soliton.
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Experimentally we obtained total internal re¯ection of spatial solitons in a SBN61:Ce PRC.
The results are in close agreement with the numerical simulations.
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