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Abstract Nano-electro-mechanical systems (NEMS)

resonators integrated by a double clamped beam with

variable cross-section are used in several applications

such as chemical and biological detectors, high-frequency

filters, and signal processing. The structure of these reso-

nators can experience intrinsic stresses produced during

their fabrication process. We present an analytical model to

estimate the first bending resonant frequency of NEMS

resonators based on a double clamped beam with three

cross-sections, which considers the intrinsic stress effect on

the resonant structure. This model is obtained using the

Rayleigh and Macaulay methods, as well as the Euler–

Bernoulli beam theory. We applied the analytical model to

a silicon carbide (SiC) resonator of 186 nm thickness

reported in the literature. This resonator has a total length

ranking from 80 to 258 lm and is subjected to a

tensile intrinsic stress close to 110 MPa. Results from this

model show good agreement with experimental results.

The analytic frequencies have a maximum relative differ-

ence less than 6.3% respect to the measured frequencies.

The tensile intrinsic stress on the resonant structure causes

a significantly increase on its bending resonant frequency.

The proposed model provides an insight into the study of

the intrinsic stress influence on the resonant frequency of

this nanostructure. In addition, this model can estimate the

frequency shift due to the variations of the resonator geo-

metrical parameters.

1 Introduction

Nano-electro-mechanical systems (NEMS) resonators

present important attributes such as miniscule mass, small

size, high resonant frequency, low operating power, and

high quality factor (Ekinci and Roukes 2005; Herrera-May

et al. 2010). Due to this, NEMS resonators offer great

promise for a wide range of applications, including

mechanical signal processing (Baldwin et al. 2006), mass

and biological sensing (Waggoner et al. 2009; Varshney

et al. 2009), electro-thermal tunability (Jun et al. 2006; Jun

et al. 2008), force detection (Mamin and Rugar 2001),

ultra-high frequency oscillators (Feng et al. 2008),

switching (Guerra et al. 2008), parametric amplifiers

(Karabalin et al. 2009), and study of oscillatory fluid

dynamics (Karabacak et al. 2007).

The mechanical design of several NEMS resonators is

based on a double clamped beam with constant cross-sec-

tion. However, part of the two fixed supports of this beam

can be etched during its release process, producing a

double clamped beam with variable cross-section. Thus,

resonant beam presents three cross-sections with the same
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thickness, but with different width and length, respectively.

Normally, this beam is excited on its fundamental bending

or torsional mode. For this case, the study of the resonant

frequency and mechanical behavior of a double clamped

beam must consider the effect of its undercut supports. This

resonator type is commonly used in mass and biological

detectors (Naik et al. 2009; Cleland et al. 2001). The

intrinsic stress/strain on the resonant structure changes its

mechanical performance and resonant frequency. Thus,

intrinsic stress on NEMS resonators can be used to improve

their performance (Cimalla et al. 2007). This intrinsic

stress/strain is caused by the lattice mismatch as well as

differences in thermal expansion coefficient among epi-

taxial layers and substrate (Cimalla et al. 2007). Cimalla

et al. 2006 developed NEMS resonators based on double

clamped beams of aluminum nitride (AlN) and silicon

carbide (SiC), which registered an increase in their bending

resonant frequencies and quality factors at atmospheric

pressure due to the tensile intrinsic stress on the resonators.

The intrinsic stress effect on NEMS resonators should

be considered to determine their fundamental resonant

frequencies.

Bouwstra and Geijselaers (1991) presented a one-

dimensional model that includes the axial force effect on

the bending resonant frequency of a double clamped beam

with a constant cross-section. The axial force on the beam

is caused by an intrinsic stress inside it. In this model, a

tension axial force increases the bending resonant fre-

quency of the beam; however, a compressive axial force

decreases its frequency. Ikehara et al. (2001) developed an

analytical model to calculate the bending resonant fre-

quency of a doubly supported beam under the influence of

an intrinsic strain, but this model only considers beams with

a constant cross-section. Rao (2004) reported an analytical

solution to obtain the bending resonant frequency of simply

supported and double clamped beams subject to an axial

force; although, this solution is also limited to beams

with constant cross-section. Other researches (Galef 1968;

Bokaian 1988) have found analytical solutions to determine

the bending resonant frequency of beams with uniform

cross-section, different end conditions and subject to axial

loads. Nevertheless, these analytical models do not con-

sider changes in the beam cross-section. Lobontiu (2006,

2007) built interesting analytical models to calculate the

resonant frequency of doubly clamped beams with variable

cross-sections, but without including the intrinsic stress

effect. In order to overcome this problem, we propose an

analytical model to estimate the bending resonant fre-

quency of NEMS resonators integrated by double clamped

beams with three cross-sections, which are subjected to

intrinsic stress. This model is based on the Macaulay and

Rayleigh methods, as well as the Euler–Bernoulli beam

theory.

After this introduction, the paper is organized as fol-

lows. Section 2 presents the description of the analytic

model considering a double clamped beam subject to

intrinsic stress, which has a variable cross-section. Sec-

tion 3 shows the analytic model results considering a SiC

resonator reported in the literature. In addition, a finite

element method (FEM) model of this resonator using the

ANSYS� software is presented. The paper ends with the

concluding discussion and a proposal for further work.

2 Description of the analytical model

In this section, we present the description of the analytical

model proposed in this work, which is obtained through

the Macaulay and Rayleigh methods, as well as Euler–

Bernoulli beam theory.

Figure 1 shows a NEMS resonator formed by a double

clamped beam with three cross-sections. This structural

configuration is obtained after a release process of the main

beam, where the supporting substrate is isotropically

etched and the beam supports are undercut. In this work,

we consider the influence of both etching supports and the

intrinsic stress effect on the bending resonant frequency of

the beam. This intrinsic stress is produced during the

beam’s release process. Figure 2 depicts the geometrical

parameters of NEMS resonator, where both beam supports

have the same length (L1 = L3). The weight per unit length

in each section of the beam is represented by uniformly

distributed loads. Figure 3 shows the reaction loads and

bending moments at the beam clamping points.

The Rayleigh method establishes the lowest bending

resonant frequency (fres) of a resonator under a mass and

stiffness distribution variation (Rao 2004). It estimates the

natural frequency assuming energy conservation in the

resonant structure; thus, the maximum kinetic energy (Tm)

Fig. 1 A 3D schematic view of a NEMS resonator integrated by a

double clamped beam with three cross-sections

2068 Microsyst Technol (2010) 16:2067–2074
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is equal to the maximum potential energy (Um) (Weaver

et al. 1990):

Tm ¼ Um: ð1Þ

We regard a harmonic motion of the resonator whose

bending deflection at a given point of its structure is

obtained as a product between a spatial function y(x) and a

time-dependent one (Rao 2004; Lobontiu 2007):

yðx; tÞ ¼ yðxÞ sinð2pftÞ; ð2Þ

where t is the time and f is the frequency.

Besides, we consider a tensional intrinsic stress (r)

inside of the beam, which generates a tensional axial load

(P) on it. For the case of a compressive intrinsic stress on

the resonator, the sign of this axial load will be negative.

The intrinsic stress is produced during the beam’s release

process. For the case of out-of plane bending, the maxi-

mum potential (Um) and kinetic (Tm) energies of the double

clamped beam with three cross-sections are given by

(Weaver et al. 1990; Virgin 2007):

Um ¼
EI1

2

ZL1

0

o2y1ðxÞ
ox2

� �2

dxþ P

2

ZL1

0

oy1ðxÞ
ox

� �2

dx

þ EI2

2

ZL12

L1

o2y2ðxÞ
ox2

� �2

dxþ P

2

ZL12

L1

oy2ðxÞ
ox

� �2

dx

þ 1

2
EI3

ZL123

L12

o2y3ðxÞ
ox2

� �2

dxþ P

2

ZL123

L12

oy3ðxÞ
ox

� �2

dx;

ð3Þ

Tm ¼ #2 qb1h1

2

ZL1

0

ðy1ðxÞÞ2dxþ qb2h2

2

ZL12

L1

ðy2ðxÞÞ2dx

2
4

þ qb3h3

2

ZL123

L12

ðy3ðxÞÞ2dx

3
5; ð4Þ

where # = 2pf, L12 = L1 ? L2, L123 = L1 ? L2 ? L3,

yj(x), bj, hj and Ij are the bending deflection, width, thick-

ness and moment of inertia in the jth beam section, as well

E and q are the elastic modulus and density of beam,

respectively.

Substituting Eqs. 3 and 4 into Eq. 1, the lowest bending

resonant frequency (fr) for a double clamped beam is

determined by

fr ¼
1

2p
Um

Tm=#2

� �1=2

: ð5Þ

The bending deflection yj(x) in each section of the beam

can be obtained through the Euler–Bernoulli beam theory

(Rao 2004) and the Macaulay method (Craig 1996). We

assume small deflections and isotropic material on the

resonant structure; therefore, the bending deflections are

calculated from:

EI1

o2y1ðxÞ
ox2

¼ M1ðxÞ; 0\x\L1; ð6aÞ

EI2

o2y2ðxÞ
ox2

¼ M2ðxÞ; L1\x\L12; ð6bÞ

EI3

o2y3ðxÞ
ox2

¼ M3ðxÞ; L12\x\L123; ð6cÞ

where Mj(x) is the bending moment in the jth beam section

and it is represented by Macaulay functions.

The bending deflections in each section of the beam

must fulfill the following conditions:

y1ð0Þ ¼ 0; oy1ð0Þ
ox ¼ 0;

y1ðL1Þ ¼ y2ðL1Þ; oy1ðL1Þ
ox ¼ oy2ðL1Þ

ox ;

y2ðL12Þ ¼ y3ðL12Þ; oy2ðL12Þ
ox ¼ oy3ðL12Þ

ox ;

ð7Þ

The Macaulay method can represent several load types

on beams with different cross-sections (Bolton 2006),

through a bracket notation function hx� ain (Stephen

2007), which have a zero value for x \ a as well as (x-a)n

for x C a. The n exponent accepts three values: n = 0 for a

uniformly distributed load, n = -1 for a concentrated

load, and n = -2 for a bending moment on the beam

(Craig 1996), respectively.

The load function q(x) of the resonator is obtained using

the Macaulay functions:

Fig. 2 Schematic view of the geometrical parameters of a double

clamped beam with three cross-sections

Fig. 3 Reaction loads, bending moments, and weight per unit length

on the double clamped beam with three cross-sections
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qðxÞ ¼ �MAhx� 0i�2 þ RAhx� 0i�1 � x1hx� 0i0

þ x1hx� L1i0 � x2hx� L1i0 þ x2hx� L12i0

� x3hx� L12i0 þ x3hx� L123i0

þ RBhx� L123i�1 þMBhx� L123i�2: ð8Þ

Based on the integration rules of the Macaulay functions

(Craig 1996), the shear load function V(x) acting on the beam

cross-sections is obtained integrating Eq. 8 with respect to x:

VðxÞ ¼ �MAhx� 0i�1 þ RAhx� 0i0 � x1hx� 0i1

þ x1hx� L1i1 � x2hx� L1i1 þ x2hx� L12i1

� x3hx� L12i1 þ x3hx� L123i1 þ RBhx� L123i0

þMBhx� L123i�1 þ C1: ð9Þ

The bending moment function M(x) on the beam is

determined integrating V(x) with respect to x:

MðxÞ ¼�MAhx� 0i0þRAhx� 0i1� 1

2
x1hx� 0i2

þ 1

2
x1hx� L1i2�

1

2
x2hx� L1i2þ

1

2
x2hx� L12i2

� 1

2
x3hx� L12i2þ

1

2
x3hx� L123i2þRBhx� L123i1

þMBhx� L123i0þC1xþC2; ð10Þ

where C1 and C2 are constants calculated through the

boundary conditions of the shear and moment functions.

Assuming the same length and width on the first and

third section of the beam; then, we found that the reaction

loads and bending moments satisfy the following condi-

tions: RA = RB and MA = MB. The boundary conditions of

the shear and moment functions at the beam clamping ends

are: V(0) = RA and M(0) = MA. Using these conditions in

Eqs. 9 and 10, we calculated C1 = C2 = 0.

Due to the symmetry of the double clamped beam, the

weights per unit length of the first and third section are

equal (x1 = x3). These weights are determined as:

xj ¼ qgbjhj; ð11Þ

where g is the gravitational acceleration.

Regarding x1 = x3, the reaction loads (RA = RB) and

bending moments (MA = MB) on the both beam ends are

expressed as:

RA ¼
1

2
ð2x1L1 þ x2L2Þ; ð12Þ

MA¼ 2L1þ
I3

I2

L2

� ��1

� I3

I2

1

2
RAL2ð2L1þL2Þ�

1

2
x1L1L2L12�

1

6
x2L3

2

� ��

þRAL1ð2L1þL2Þ�
1

3
x1L2

1ð4L1þ3L2Þ�
1

2
x2L1L2L12

�
:

ð13Þ

Using Eq. 10, we get the following bending moments in

the three sections of the resonator. For 0 \ x \ L1:

M1ðxÞ ¼ �MAhx� 0i0 þ RAhx� 0i1 � 1

2
x1hx� 0i2:

ð14Þ

For L1 \ x \ L12:

M2ðxÞ ¼ �MAhx� 0i0 þ RAhx� 0i1 � 1

2
x1hx� 0i2

þ 1

2
x1hx� L1i2 �

1

2
x2hx� L1i2: ð15Þ

For L12 \ x \ L123:

M3ðxÞ ¼ �MAhx� 0i0 þ RAhx� 0i1 � 1

2
x1hx� 0i2

þ 1

2
x1hx� L1i2 �

1

2
x2hx� L1i2

þ 1

2
x2hx� L12i2 �

1

2
x3hx� L12i2: ð16Þ

These bending moment equations are substituted in

Eq. 6a–6c; after, it is integrated twice respect to x in order

to obtain the bending deflection in each beam section. For

this, we use the integration rules of the Macaulay functions

(Craig 1996) and the boundary conditions indicated by Eq. 7.

Thus, the bending deflections are given by: For 0 \ x \ L1:

y1ðxÞ¼
1

EI1

�1

2
MAhx�0i2þ1

6
RAhx�0i3� 1

24
x1hx�0i4

� �
:

ð17Þ

For L1 \ x \ L12:

y2ðxÞ ¼
1

EI2

�1

2
MAhx� 0i2þ 1

6
R0hx� 0i3

�

� 1

24
x1hx� 0i4þ 1

24
x1hx�L1i4�

1

24
x2hx�L1i4

� 1

2
MAL2

1þ
1

3
RAL3

1�
1

8
x1L4

1

þ MAL1�
1

2
RAL2

1þ
1

6
x1L3

1

��
x

�

þ 1

EI1

�MAL1þ
1

2
RAL2

1�
1

6
x1L3

1

� �
x

�

þ1

2
MAL2

1�
1

3
RAL3

1þ
1

8
x1L4

1

�
: ð18Þ

For L12 \ x \ L123:

y3ðxÞ ¼
1

EI3

�1

2
MAhx� 0i2þ 1

6
RAhx� 0i3

�

� 1

24
x1hx� 0i4þ 1

24
x1hx�L1i4�

1

24
x2hx�L1i4

þ 1

24
x2hx�L12i4�

1

24
x3hx�L12i4þC3xþC4

�
;

ð19Þ
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with

C3¼
I3

I2

�MAL2þ
1

2
RAL2ð2L1þL2Þ�

1

2
x1L1L2L12�

1

6
x2L3

2

��

þMAL2�
1

2
RAL2ð2L1þL2Þþ

1

2
x1L1L2L12þ

1

6
x2L3

2;

C4¼
I3

I2

1

2
MAL2ð2L1þL2Þ�

1

3
RAL2ð3L2

1þ3L1L2þL2
2Þ

�

þ 1

12
x1L1L2ð6L2

1þ9L1L2þ4L2
2Þþ

1

24
x2L3

2ð4L1þ3L2Þ
�

�1

2
MAL2ð2L1þL2Þþ

1

3
RAL2 3L1ðL1þL2ÞþL2

2

� 	

� 1

12
x1L1L2 3L1ð2L1þ3L2Þþ4L2

2

� 	

� 1

24
x2L3

2ð4L1þ3L2Þ:

After, we find the maximum potential and kinetic

energies of the proposed resonator through the substitution

of Eqs. 17–19 in Eqs. 3 and 4. Then, substituting these

energies into Eq. 5, we determine the bending resonant

frequency of the double clamped beam with three cross-

sections.

Our analytical model will be compare with the experi-

mental results reported by Cimalla et al. (2006) and the

analytical model developed by Ikehara et al. (2001) that

estimate the first bending resonant frequency (frI) of a

double clamped beam with uniform cross-section and

subjected to an internal strain (e):

frI ¼ 1:028

ffiffiffiffi
E

q

s
h

L2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 0:295

L

h

� �2

e

s
; ð20Þ

where h is the thickness and L is length of the beam with

uniform cross-section.

3 Results and discussions

In this section, we used the proposed model to determine

the bending resonant frequency of a NEMS resonator based

on a double clamped beam with three cross-sections, which

is subjected to a tensile intrinsic stress.

Our analytical model is applied to a NEMS resonator

fabricated by Cimalla et al. (2006) that is integrated by a

double clamped beam with three cross-sections. This res-

onator has the same structural configuration respect to

resonant beam shown in Fig. 1. Cimalla et al. (2006) fab-

ricated the resonator using a SiC layer of 186 nm thickness

on a silicon substrate. Table 1 shows the geometrical

dimensions of this resonator; additionally, the material

properties of the resonator used in the analytical model are:

density of 3,210 kg/m3 and elastic modulus of 424 GPa

(Jackson et al. 2005). Due to the fabrication process,

Cimalla et al. (2006) measured a tensile intrinsic strain

(2.6 9 10-4) on the beam employing X-ray diffraction and

infrared ellipsometry. Based on this strain, we assumed a

tensile intrinsic stress (r = Ee) inside the beam close to

110 MPa. Thus, we obtained a tensile axial load (P) of

82 lN, considering the cross-section of the main beam.

The strain and axial load were substituted into our analytic

model and the analytical model reported by Ikehara et al.

(2001) to find the first bending resonant frequency of the

resonator designed by Cimalla et al. (2006). Regarding

different beam total lengths (from 80 to 258 lm), the

results of our analytic model agree very well with those

experimentally measured by Cimalla et al. (2006), as

shown in Fig. 4. Our analytic results have a relative

difference less than 6.3% with respect to those measured

by Cimalla. However, the analytical model’s results

Table 1 Dimensions of the geometrical parameters of the NEMS

resonator

Geometrical parameter Dimension (lm)

h 0.186

b1, b3 10.0

b2 4.0

L1, L3 4.0

L2 72–250

Fig. 4 Results of the first bending resonant frequency of a NEMS

resonator developed by Cimalla et al. (2006) as a function of

resonator total length. This resonator is under the influence of a

tensile intrinsic stress. The resonant frequencies obtained through our

analytic model presented a close relationship with the measured

frequencies by Cimalla. Neglecting the intrinsic stress on the

resonator, the resonant frequencies had a significantly decrease

respect to the experimental ones. Experimental data reprinted with

permission from Cimalla et al. (2006)
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developed Ikehara et al. (2001) have a relative difference

less than 10.8% with respect to the experimental results

(see Fig. 4). Our analytical model presents better results

than those obtained by the analytical model reported

by Ikehara et al. (2001). This is due to our model, which

considers the influence of the undercut supports on the

double clamped beam that originates a beam with three

cross-sections. On the other hand, the model of Ikehara

et al. (2001) is only employed for double clamped beams

with constant cross-section. Nevertheless, the resonant

frequencies obtained by both analytical models present a

similar behavior to the measured frequencies when the

beam total length increases. Thus, the resonant frequencies

decrease inversely proportional with respect to the beam

length.

Moreover, we found the resonant frequency of the

resonator developed by Cimalla et al. (2006) without

setting the intrinsic stress inside it. For this case, we

substituted the load P = 0 in our analytic model. Also, we

built a FEM model for the resonator through the ANSYS�

software. The FEM model employs solid95 elements,

which have three degrees of freedom per node (transla-

tions in the nodal x, y, and z directions). Neglecting the

intrinsic stress on the resonator, the results of our analytic
Fig. 5 First bending mode shape of the double clamped beam with

three cross-sections

Fig. 6 a Second, b third, c fourth, and d fifth modal shapes of the double clamped beam with three cross-sections
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and FEM models agree well, registering a relative differ-

ence less than 2.7% (see Fig. 4). However, these results

showed a large difference respect to those that include the

intrinsic stress on the resonator. Therefore, the tensile

intrinsic stress significantly increased the first bending

resonant frequency of the Cimalla’s resonator. This is

because of the increase in the maximum potential energy

of the resonator. Figure 5 shows the first bending modal

shape of the FEM model considering L2 = 72 lm, which

does not include the intrinsic stress. Figure 6 represents

the following four modal shapes of this FEM model,

where the fifth mode had a torsional shape and another

registered bending shapes.

High intrinsic stress on NEMS resonators based on a

double clamped beam with variable cross-section can

affect its first bending resonant frequency. The estimation

of intrinsic stress can be included into our proposed ana-

lytic model to determine its influence on the resonant fre-

quency of the resonators. This model can be easily used

into the design phase of NEMS resonators. In addition to

this, the proposed model can estimate the resonant fre-

quency shift due to variations in the resonator’s geomet-

rical parameters. Thus, the designers could determine the

resonator’s adequate dimensions for a specific application

that requires resonators operating between a limited fre-

quencies range. Also through this model, the designers

could study the influence of the beam’s etched supports

(L1 and L2) on its resonant frequency.

4 Conclusions

An analytical model to estimate the intrinsic stress effect

on the first bending resonant frequency of NEMS resona-

tors based on a double clamped beam with three cross-

sections was developed. This model was obtained through

the Rayleigh and Macaulay methods, as well as the Euler–

Bernoulli beam theory. The proposed model was applied to

a SiC resonator reported in the literature, which is under

the influence of a tensile intrinsic stress. This resonator

presented a thickness of 186 nm with total length range

between 80 and 258 lm. The resonator registered a high

tensile intrinsic stress close to 110 MPa, which was

obtained during its fabrication process. The analytical

model results were well consistent with the experimental

results reported in the literature. The analytical resonant

frequencies registered a relative difference less than 6.3%

respect to measured frequencies. The high tensile intrinsic

stress significantly increased the resonant frequency of the

resonator. The proposed analytical model can be easily

used in order to estimate the bending resonant frequency

of this resonator type and to know the intrinsic stress

influence on it.

Future research directions will include resonators sub-

ject to intrinsic stress with different structural configura-

tions and support types. Also, the effect of a metallic layer

deposited over the resonator surface must be considered in

the estimation of its resonant frequency.
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