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Abstract Nano-electro-mechanical systems (NEMS)
resonators integrated by a double clamped beam with
variable cross-section are used in several applications
such as chemical and biological detectors, high-frequency
filters, and signal processing. The structure of these reso-
nators can experience intrinsic stresses produced during
their fabrication process. We present an analytical model to
estimate the first bending resonant frequency of NEMS
resonators based on a double clamped beam with three
cross-sections, which considers the intrinsic stress effect on
the resonant structure. This model is obtained using the
Rayleigh and Macaulay methods, as well as the Euler—
Bernoulli beam theory. We applied the analytical model to
a silicon carbide (SiC) resonator of 186 nm thickness
reported in the literature. This resonator has a total length
ranking from 80 to 258 um and is subjected to a
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tensile intrinsic stress close to 110 MPa. Results from this
model show good agreement with experimental results.
The analytic frequencies have a maximum relative differ-
ence less than 6.3% respect to the measured frequencies.
The tensile intrinsic stress on the resonant structure causes
a significantly increase on its bending resonant frequency.
The proposed model provides an insight into the study of
the intrinsic stress influence on the resonant frequency of
this nanostructure. In addition, this model can estimate the
frequency shift due to the variations of the resonator geo-
metrical parameters.

1 Introduction

Nano-electro-mechanical systems (NEMS) resonators
present important attributes such as miniscule mass, small
size, high resonant frequency, low operating power, and
high quality factor (Ekinci and Roukes 2005; Herrera-May
et al. 2010). Due to this, NEMS resonators offer great
promise for a wide range of applications, including
mechanical signal processing (Baldwin et al. 2006), mass
and biological sensing (Waggoner et al. 2009; Varshney
et al. 2009), electro-thermal tunability (Jun et al. 2006; Jun
et al. 2008), force detection (Mamin and Rugar 2001),
ultra-high frequency oscillators (Feng et al. 2008),
switching (Guerra et al. 2008), parametric amplifiers
(Karabalin et al. 2009), and study of oscillatory fluid
dynamics (Karabacak et al. 2007).

The mechanical design of several NEMS resonators is
based on a double clamped beam with constant cross-sec-
tion. However, part of the two fixed supports of this beam
can be etched during its release process, producing a
double clamped beam with variable cross-section. Thus,
resonant beam presents three cross-sections with the same

@ Springer
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thickness, but with different width and length, respectively.
Normally, this beam is excited on its fundamental bending
or torsional mode. For this case, the study of the resonant
frequency and mechanical behavior of a double clamped
beam must consider the effect of its undercut supports. This
resonator type is commonly used in mass and biological
detectors (Naik et al. 2009; Cleland et al. 2001). The
intrinsic stress/strain on the resonant structure changes its
mechanical performance and resonant frequency. Thus,
intrinsic stress on NEMS resonators can be used to improve
their performance (Cimalla et al. 2007). This intrinsic
stress/strain is caused by the lattice mismatch as well as
differences in thermal expansion coefficient among epi-
taxial layers and substrate (Cimalla et al. 2007). Cimalla
et al. 2006 developed NEMS resonators based on double
clamped beams of aluminum nitride (AIN) and silicon
carbide (SiC), which registered an increase in their bending
resonant frequencies and quality factors at atmospheric
pressure due to the tensile intrinsic stress on the resonators.
The intrinsic stress effect on NEMS resonators should
be considered to determine their fundamental resonant
frequencies.

Bouwstra and Geijselaers (1991) presented a one-
dimensional model that includes the axial force effect on
the bending resonant frequency of a double clamped beam
with a constant cross-section. The axial force on the beam
is caused by an intrinsic stress inside it. In this model, a
tension axial force increases the bending resonant fre-
quency of the beam; however, a compressive axial force
decreases its frequency. Ikehara et al. (2001) developed an
analytical model to calculate the bending resonant fre-
quency of a doubly supported beam under the influence of
an intrinsic strain, but this model only considers beams with
a constant cross-section. Rao (2004) reported an analytical
solution to obtain the bending resonant frequency of simply
supported and double clamped beams subject to an axial
force; although, this solution is also limited to beams
with constant cross-section. Other researches (Galef 1968;
Bokaian 1988) have found analytical solutions to determine
the bending resonant frequency of beams with uniform
cross-section, different end conditions and subject to axial
loads. Nevertheless, these analytical models do not con-
sider changes in the beam cross-section. Lobontiu (2006,
2007) built interesting analytical models to calculate the
resonant frequency of doubly clamped beams with variable
cross-sections, but without including the intrinsic stress
effect. In order to overcome this problem, we propose an
analytical model to estimate the bending resonant fre-
quency of NEMS resonators integrated by double clamped
beams with three cross-sections, which are subjected to
intrinsic stress. This model is based on the Macaulay and
Rayleigh methods, as well as the Euler—Bernoulli beam
theory.

@ Springer

After this introduction, the paper is organized as fol-
lows. Section 2 presents the description of the analytic
model considering a double clamped beam subject to
intrinsic stress, which has a variable cross-section. Sec-
tion 3 shows the analytic model results considering a SiC
resonator reported in the literature. In addition, a finite
element method (FEM) model of this resonator using the
ANSYS® software is presented. The paper ends with the
concluding discussion and a proposal for further work.

2 Description of the analytical model

In this section, we present the description of the analytical
model proposed in this work, which is obtained through
the Macaulay and Rayleigh methods, as well as Euler—
Bernoulli beam theory.

Figure 1 shows a NEMS resonator formed by a double
clamped beam with three cross-sections. This structural
configuration is obtained after a release process of the main
beam, where the supporting substrate is isotropically
etched and the beam supports are undercut. In this work,
we consider the influence of both etching supports and the
intrinsic stress effect on the bending resonant frequency of
the beam. This intrinsic stress is produced during the
beam’s release process. Figure 2 depicts the geometrical
parameters of NEMS resonator, where both beam supports
have the same length (L; = L3). The weight per unit length
in each section of the beam is represented by uniformly
distributed loads. Figure 3 shows the reaction loads and
bending moments at the beam clamping points.

The Rayleigh method establishes the lowest bending
resonant frequency (f,.;) of a resonator under a mass and
stiffness distribution variation (Rao 2004). It estimates the
natural frequency assuming energy conservation in the
resonant structure; thus, the maximum kinetic energy (7,,)

Main beam

/

Undercut

Supporting
substrate

Fig. 1 A 3D schematic view of a NEMS resonator integrated by a
double clamped beam with three cross-sections
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Fig. 2 Schematic view of the geometrical parameters of a double
clamped beam with three cross-sections
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Fig. 3 Reaction loads, bending moments, and weight per unit length
on the double clamped beam with three cross-sections

is equal to the maximum potential energy (U,,) (Weaver
et al. 1990):

T, = U,. (1)

We regard a harmonic motion of the resonator whose
bending deflection at a given point of its structure is
obtained as a product between a spatial function y(x) and a
time-dependent one (Rao 2004; Lobontiu 2007):

y(x,1) = y(x) sin(2mft), (2)

where ¢ is the time and f is the frequency.

Besides, we consider a tensional intrinsic stress (o)
inside of the beam, which generates a tensional axial load
(P) on it. For the case of a compressive intrinsic stress on
the resonator, the sign of this axial load will be negative.
The intrinsic stress is produced during the beam’s release
process. For the case of out-of plane bending, the maxi-
mum potential (U,,) and kinetic (7,,) energies of the double
clamped beam with three cross-sections are given by
(Weaver et al. 1990; Virgin 2007):

EL T /@neN . P ] om0\
_ =i ! r 1
Un = 2 ( ox? )dx+2/< Ox )dx
0 0

EI i 0%y, (x) 2 P i oy (x)\?
2 2 2
+7 < 0x2 > dx+§/ < Ox > dx

L L
Ly 2 Ly 5
1 %ys(x) P Oy3(x)
—EI d — d.
*3 3/ ( Ox? > x+2/ ( Ox ) .
L Ly

where o = 27'Cf, L12 = Ll + L2, L123 = L1 + L2 + L3,
vi(x), bj, h; and I; are the bending deflection, width, thick-
ness and moment of inertia in the jth beam section, as well
E and p are the elastic modulus and density of beam,
respectively.

Substituting Eqgs. 3 and 4 into Eq. 1, the lowest bending
resonant frequency (f,) for a double clamped beam is
determined by

ﬁz%@%ﬁy@ 5)

The bending deflection y;(x) in each section of the beam
can be obtained through the Euler—Bernoulli beam theory
(Rao 2004) and the Macaulay method (Craig 1996). We
assume small deflections and isotropic material on the
resonant structure; therefore, the bending deflections are
calculated from:

2

el g)‘ch) — My(x), 0<x<Li, (6a)
%y, (x

El gjcﬁ ) M), Li<x<Lin (6b)
ys(x

ElL g;g ) = M3(x), Lin<x<Li2, (6¢c)

where M/(x) is the bending moment in the jth beam section
and it is represented by Macaulay functions.

The bending deflections in each section of the beam
must fulfill the following conditions:

»1(0) =0, 240 — o,
yl(Ll) :y2(L1)7 %@:%7 (7)
na(Liz) = y3(Lip), 22ibe) — sl

The Macaulay method can represent several load types
on beams with different cross-sections (Bolton 2006),
through a bracket notation function (x —a)" (Stephen
2007), which have a zero value for x < a as well as (x—a)”
for x > a. The n exponent accepts three values: n = 0 for a
uniformly distributed load, n = —1 for a concentrated
load, and n = —2 for a bending moment on the beam
(Craig 1996), respectively.

The load function g(x) of the resonator is obtained using
the Macaulay functions:
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g(x) = = My(x = 0) > + Ry(x — 0) " — w; (x — 0)°
+ o {x — L1>0 — wp{x — L1>0 + wy{x — L12>0
— 3(x — Lp2)’ + o3(x — Lyn3)"
+ Rg(x — Li23) ™" + Mp{x — Lins) . (8)
Based on the integration rules of the Macaulay functions

(Craig 1996), the shear load function V(x) acting on the beam
cross-sections is obtained integrating Eq. 8 with respect to x:

V(x) = —Mux—0)"" +Ry(x — 0)’ — w (x — 0)'
—|—w1<x—L1>l —w2<x—L1>1 +w2<x—L12>1
— w3(x — Lio)' + w3(x — Li3)' + Rp(x 7L123>0
+ Mp(x — L) +Cy. 9)

The bending moment function M(x) on the beam is
determined integrating V(x) with respect to x:

M(x) = — My (x— 0)° + Ry (x — 0) —%w1<x—0>2
1

1 1
+§w1<x—L1>2 _5w2<x_L1>2 +§w2<x—L12)2

1 2 1 2 1
—5 s (x—Li2) +§w3 (x—Li23)" +Rp{x — Li23)
+M3<fo]23>O+C1x+ Cz, (10)

where C; and C, are constants calculated through the
boundary conditions of the shear and moment functions.

Assuming the same length and width on the first and
third section of the beam; then, we found that the reaction
loads and bending moments satisfy the following condi-
tions: Ry = Rp and M4, = Mp. The boundary conditions of
the shear and moment functions at the beam clamping ends
are: V(0) = R4 and M(0) = M,. Using these conditions in
Egs. 9 and 10, we calculated C; = C, = 0.

Due to the symmetry of the double clamped beam, the
weights per unit length of the first and third section are
equal (w; = m3). These weights are determined as:

w;j = pgbjhj, (11)

where g is the gravitational acceleration.

Regarding w; = w3, the reaction loads (R4 = Rp) and
bending moments (M, = Mp) on the both beam ends are
expressed as:

1
Ry = 5 (2601L1 + a)sz), (12)
] ~1
M, = <2L1 +—3L2)
14}

SO EE 1RL(2L+L) o LiLoLis — ol
== ——w ——w
12 ) AL2 1 2 ) 112802 6 2Ly

1 1
+RAL| (2L1 +L2) —ga)]L%(4L] +3L2) —E(UzL]LQL[z}.

(13)
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Using Eq. 10, we get the following bending moments in
the three sections of the resonator. For 0 < x < L;:

Mi(x) = =M (x — 0)° + Ry (x — 0)' — %wl (x — 02,

(14)
For L] <x < L]2:
1
My (x) = =M (x — 0)° + Ry (x — 0)' — SO = 0
1 1
oo = Li)* = S oafx— L) (15)
For L, < x < Ly»3:
1
Ms(x) = — Ma(x — 0)° 4+ Ry (x — 0)" —§w1<x—0>2
1 1
—&—Ea)l(x—Ll)Z —sz(x—h)z
1 1
+ —w2<x — L12>2 — —(D3<X — L12>2. (16)

2 2

These bending moment equations are substituted in
Eq. 6a—6c¢; after, it is integrated twice respect to x in order
to obtain the bending deflection in each beam section. For
this, we use the integration rules of the Macaulay functions
(Craig 1996) and the boundary conditions indicated by Eq. 7.
Thus, the bending deflections are given by: For 0 < x < L;:

171 , 1 , 1 .
— | My (x— “Ry(x—0) — —a (x—0Y*].
1(0)= g | <Ml 0F+ gRux =0 = on(x—0)
(17)
For Ll <x < le:
171 1
yz(x):Elz{—zMA<x—0>2+6Ro<x—0>3
o= 0 4o (- L)~ ol Ly’
241 VA VD VRS
I T
—EMALI +§RAL1 —g(l)lLl
1 2 1 3
+ MALl_iRAL1+6(U1L1 X
+1 MuL +1R L’ 1 L3
El, abrafiatr —g@it |4
1 R O S
+§ ALl—gRALl—i-gCO]Ll . (18)
For Li» < x < Lj»3:
111 1
yi(x) = EIS{—ZMAQC— 0)2 +6RA<x— 0}3
Lm0 Loy (v L) — L (x— L
241 24 TR T e
1 . 1 .
—&—ﬂwz(x—le) —ﬁw3<x—L12> + Cax+Cy4,
(19)
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with
J4]

1 1 1
C3="|—MpLy+=RaLy (2L, +Ly) —=w L LyLia —~w, L3
b 2 2 6

1 1 1
+MAL2 _ERALZ(ZLI +L2) +§CO1L1L2L12 +6w2L;7

L1 1
c=b {EMALZ(ZLl L) —3RaLo(BLE+3LiLo + 13)
2

1 1
+§w1Lle(6L§ +9L,L, +4L§)+ﬁw2L§(4L1 —|—3L2)}

1 1

—5MaLo(2L1 +Lo) +3RaLa [3Ly (L1 + o) +13]
1

—EwlLle [3L; (2L, +3L,) +4L3]

1
—g&)zL%(‘l—Ll + 3L2)

After, we find the maximum potential and kinetic
energies of the proposed resonator through the substitution
of Egs. 17-19 in Eqgs. 3 and 4. Then, substituting these
energies into Eq. 5, we determine the bending resonant
frequency of the double clamped beam with three cross-
sections.

Our analytical model will be compare with the experi-
mental results reported by Cimalla et al. (2006) and the
analytical model developed by lkehara et al. (2001) that
estimate the first bending resonant frequency (f,;) of a
double clamped beam with uniform cross-section and
subjected to an internal strain (¢):

Eh L\?
fu = 1.028\/;E (/140295 (Z) e, (20)

where £ is the thickness and L is length of the beam with
uniform cross-section.

3 Results and discussions

In this section, we used the proposed model to determine
the bending resonant frequency of a NEMS resonator based
on a double clamped beam with three cross-sections, which
is subjected to a tensile intrinsic stress.

Our analytical model is applied to a NEMS resonator
fabricated by Cimalla et al. (2006) that is integrated by a
double clamped beam with three cross-sections. This res-
onator has the same structural configuration respect to
resonant beam shown in Fig. 1. Cimalla et al. (2006) fab-
ricated the resonator using a SiC layer of 186 nm thickness
on a silicon substrate. Table 1 shows the geometrical
dimensions of this resonator; additionally, the material
properties of the resonator used in the analytical model are:
density of 3,210 kg/m® and elastic modulus of 424 GPa

Table 1 Dimensions of the geometrical parameters of the NEMS
resonator

Geometrical parameter Dimension (pm)

h 0.186
by, bs 10.0

b, 4.0

Ly, Ls 4.0

L, 72-250

(Jackson et al. 2005). Due to the fabrication process,
Cimalla et al. (2006) measured a tensile intrinsic strain
(2.6 x 10™*) on the beam employing X-ray diffraction and
infrared ellipsometry. Based on this strain, we assumed a
tensile intrinsic stress (¢ = E¢) inside the beam close to
110 MPa. Thus, we obtained a tensile axial load (P) of
82 uN, considering the cross-section of the main beam.
The strain and axial load were substituted into our analytic
model and the analytical model reported by Ikehara et al.
(2001) to find the first bending resonant frequency of the
resonator designed by Cimalla et al. (2006). Regarding
different beam total lengths (from 80 to 258 pum), the
results of our analytic model agree very well with those
experimentally measured by Cimalla et al. (2006), as
shown in Fig. 4. Our analytic results have a relative
difference less than 6.3% with respect to those measured
by Cimalla. However, the analytical model’s results

1600 T T T T T T T T T
O Measured by Cimalla et al. (2006)
1400 W Analytical model of Ikehara et al. (2001)
v + Our analytical model with intrinsic stress
= * Our analytical model without intrinsic stress
E 1200} O FEM without intrinsic stress 4
<
+
E‘ 1000} -3 ]
=
g soof 9 ]
=
E 600 9
= . A4 ]
H A4
S
3 L v 2 ]
i~ 400 o
200 -] 4
] = -
ol i o o, o (W W w
50 75 100 125 150 175 200 225 250 275 300

Beam total lenght (um)

Fig. 4 Results of the first bending resonant frequency of a NEMS
resonator developed by Cimalla et al. (2006) as a function of
resonator total length. This resonator is under the influence of a
tensile intrinsic stress. The resonant frequencies obtained through our
analytic model presented a close relationship with the measured
frequencies by Cimalla. Neglecting the intrinsic stress on the
resonator, the resonant frequencies had a significantly decrease
respect to the experimental ones. Experimental data reprinted with
permission from Cimalla et al. (2006)
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developed Ikehara et al. (2001) have a relative difference
less than 10.8% with respect to the experimental results
(see Fig. 4). Our analytical model presents better results

NODAL SOLUTION ANSYS 11.0S5P1

STEP=1 \
SUB =1 L x
FREQ=374932

usuM (av6)

RSYS=0

DX =.999597

S =.999997

—
.666665 .BBBBET
554 -T77776

.222222
.111111 .999997

Fig. 5 First bending mode shape of the double clamped beam with
three cross-sections

than those obtained by the analytical model reported
by Ikehara et al. (2001). This is due to our model, which
considers the influence of the undercut supports on the
double clamped beam that originates a beam with three
cross-sections. On the other hand, the model of Ikehara
et al. (2001) is only employed for double clamped beams
with constant cross-section. Nevertheless, the resonant
frequencies obtained by both analytical models present a
similar behavior to the measured frequencies when the
beam total length increases. Thus, the resonant frequencies
decrease inversely proportional with respect to the beam
length.

Moreover, we found the resonant frequency of the
resonator developed by Cimalla et al. (2006) without
setting the intrinsic stress inside it. For this case, we
substituted the load P = 0 in our analytic model. Also, we
built a FEM model for the resonator through the ANSYS®
software. The FEM model employs solid95 elements,
which have three degrees of freedom per node (transla-
tions in the nodal x, y, and z directions). Neglecting the
intrinsic stress on the resonator, the results of our analytic

a
NODAL SOLUTION ANSYS 11.0s5P1 b NODAL SOLUTION ANSYS 11.05P1
STEP=1 o STEP=1 _“"
SUB =2 X SUB =3 X
FREQ=.103E+07 FREQ=.200E407
usuM (AVG) usuM (AVG)
RSYS=0 RSYS=0
DX =.999992 DM =.999984
SMX =.999952 SMX =.999984
— Fe— e FE—
o .22222 444441 .BE6661 .BE8BB2 ] .222219 444437 .6E6656 .BBEBTS
.11111 .333331 555551 L7177 . 999952 .111109 .333328 .555547 .777766 . 999984
c d
NODAL SOLUTION ANSYS 11.0SF1 NODAL SOLUTION ANSYS 11.0SF1
STEP=1 = STEP=1
SUB =4 WX SUB =5 WX
FREQ=.329E+07 FREQ=.456E+07
usum (AVG) UsuM (AVG)
RSYS=0 RSYS=0
DMX =.999639 oMX =1.001
SMX =.999639 S =1.001

568
.995639

.222142
.111071

L22246 .444524 .667386 .889848
.111231 .333693 .556155 .778617 1.001

Fig. 6 a Second, b third, ¢ fourth, and d fifth modal shapes of the double clamped beam with three cross-sections
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and FEM models agree well, registering a relative differ-
ence less than 2.7% (see Fig. 4). However, these results
showed a large difference respect to those that include the
intrinsic stress on the resonator. Therefore, the tensile
intrinsic stress significantly increased the first bending
resonant frequency of the Cimalla’s resonator. This is
because of the increase in the maximum potential energy
of the resonator. Figure 5 shows the first bending modal
shape of the FEM model considering L, = 72 pm, which
does not include the intrinsic stress. Figure 6 represents
the following four modal shapes of this FEM model,
where the fifth mode had a torsional shape and another
registered bending shapes.

High intrinsic stress on NEMS resonators based on a
double clamped beam with variable cross-section can
affect its first bending resonant frequency. The estimation
of intrinsic stress can be included into our proposed ana-
lytic model to determine its influence on the resonant fre-
quency of the resonators. This model can be easily used
into the design phase of NEMS resonators. In addition to
this, the proposed model can estimate the resonant fre-
quency shift due to variations in the resonator’s geomet-
rical parameters. Thus, the designers could determine the
resonator’s adequate dimensions for a specific application
that requires resonators operating between a limited fre-
quencies range. Also through this model, the designers
could study the influence of the beam’s etched supports
(L; and L,) on its resonant frequency.

4 Conclusions

An analytical model to estimate the intrinsic stress effect
on the first bending resonant frequency of NEMS resona-
tors based on a double clamped beam with three cross-
sections was developed. This model was obtained through
the Rayleigh and Macaulay methods, as well as the Euler—
Bernoulli beam theory. The proposed model was applied to
a SiC resonator reported in the literature, which is under
the influence of a tensile intrinsic stress. This resonator
presented a thickness of 186 nm with total length range
between 80 and 258 um. The resonator registered a high
tensile intrinsic stress close to 110 MPa, which was
obtained during its fabrication process. The analytical
model results were well consistent with the experimental
results reported in the literature. The analytical resonant
frequencies registered a relative difference less than 6.3%
respect to measured frequencies. The high tensile intrinsic
stress significantly increased the resonant frequency of the
resonator. The proposed analytical model can be easily
used in order to estimate the bending resonant frequency
of this resonator type and to know the intrinsic stress
influence on it.

Future research directions will include resonators sub-
ject to intrinsic stress with different structural configura-
tions and support types. Also, the effect of a metallic layer
deposited over the resonator surface must be considered in
the estimation of its resonant frequency.
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