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We study the reflection of one-dimensional spatial solitons at the non-linear interface
between a Kerr-type medium and a linear medium. Our study places emphasis on
determining the physical conditions under which the beam reflected by the non-linear
interface is still a spatial soliton. We find that for small angles of incidence an elastic
internal reflection takes place, in the sense that the reflected soliton is essentially the
same as the incident one. For incidence angles near a critical angle, the reflected soliton
becomes less intense and its reflection angle is smaller than the angle of incidence.
Finally, for spatial solitons with input angles well above the critical angle, the main part
of the energy is transmitted to the linear medium, and no soliton is internally reflected.

1. Introduction

The behaviour of electromagnetic radiation falling upon the boundary of two different
media has always been an attractive problem from the physical and practical point of view.
In particular, the special cases of non-linear optical interfaces, that is, when at least one of
the media exhibits some kind of optical non-linearity, have given rise to a broad variety of
interesting phenomena. Among them, we can find filamentation [1], optical bistability [2],
surface waves [3, 4], etc. Furthermore, the proposed practical applications of these phe-
nomena include controllable scanning beams [5], optical logic gates [6], weak beam am-
plification [7] and so on.

From the physical point of view, the exact way in which these phenomena occur de-
pends on the specific non-linear media at both sides of the interface. A major emphasis has
been given to non-linear interfaces with Kerr-type materials, which include the linear—-non-
linear [1, 6] and the non-linear—non-linear [8] interfaces, but diffusive [4, 5, 9], saturable and
quadratic [3] non-linearities also have been considered.

In the specific case of an optical beam falling upon a linear—Kerr-like interface, previous
studies have shown the excitation of spatial solitons by a transmitted beam [1] and of non-
linear surface waves [10, 11]. Reflection and transmission of self-focused channels at Kerr-
type—Kerr-type and at Kerr-type—saturable absorber interfaces also have been analysed
[12,13]. However, to the best of our knowledge, the particular problem of the internal
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reflection of a bright spatial soliton has not been analysed. This problem may find prac-
tical applications when the spatial soliton acts as an optical waveguide for a weak beam of
different wavelength [14].

In this paper we analyse, from the numerical and the theoretical point of view, the
behavior of a one-dimensional bright spatial soliton in a medium with cubic non-linearity
as it reaches the boundary with a linear medium. In particular, we are interested in
determining the conditions under which a spatial soliton is obtained after reflection by the
interface. As we will see later, a spatial soliton, almost identical to the incident one, is
reflected for incidence angles below a critical angle. For intermediate angles of incidence a
soliton is also reflected, but it is different from the incident one. A reflected soliton is not
obtained for angles of incidence well above the critical one.

In Section 2 we present the physical and the mathematical description of our
problem. We define the fundamental physical parameters and we give the modified
NLSE which describes the incidence of a bright spatial soliton at the interface with a
lincar medium. In Section 3, we present the numerical results that characterize our
non-linear interface. In particular, we use a numerical algorithm based on the Inverse
Scattering Transform (IST) [15] to determine whether the reflected beam is or is not an
exact spatial soliton. In Section 4 we apply the particle-like technique [5, 16] to describe
the internal reflection of the incident spatial soliton. Finally, Section 5 gives the con-
clusion of our work.

2. The physical model for the non-linear interface
Figure 1 illustrates the geometry of the non-linear interface in which we are interested. The
interface lies in the y—z plane at x = 0, it separates a Kerr-like non-linear medium on the
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left and a linear medium on the right. The non-linear medium is characterized by a
refractive index of the form

nl(l)znol—i—fzzl(x,z) (1)

where no; is the linear refractive index, 71, is the non-linear refractive index and /(x, z) is the
intensity of light. Strictly speaking, Equation 1 describes a Kerr non-linear medium, but
we point out that it also may represent some other physical situations of current interest. A
photorefractive crystal, for example, exhibits a saturable Kerr non-linearity if the drift
mechanism dominates [17, 18]. Therefore, Equation 1 can be valid for experiments with
these crystals if the saturation parameter is small enough.

On the other hand, the linear medium on the right of the interface is characterized by a
constant refractive index ng; and, in order to be able to study the internal reflection of a
spatial soliton, it is assumed that ng; > ngy. As it is depicted in Fig. 1, a bright spatial
soliton propagating within the non-linear medium falls at an angle 0; on the interface. Part
of its energy is transmitted to the linear medium in the form of a linear beam which will be
diffracted, and the remaining energy will be reflected back into the non-linear medium at
an angle 6,. Our problem consists in determining whether this reflected beam is or is not a
spatial soliton. In the case that the non-linear interface reflects a soliton, the question is
how to obtain its properties, such as its width, its reflection angle, and its transversal
spatial shift.

For the mathematical description of our problem we consider an electric field propa-
gating in the positive direction of the z-axis, with a linear polarization parallel to the
interface:

1
E, = 3
where a(x,z) is the transverse beam envelope, w is the carrier frequency, and k, is the
wavenumber. We assume that the paraxial approximation is valid and, in consequence, the
beam envelope satisfies the equation
21]@@:1@ gén(x)
0z 20x? 12
where Jn(x) represents the contribution to the non-linear refractive index. Given the op-
tical properties of the two media at both sides of the non-linear interface, Fig. 1, the
refractive index profile takes the form

on(x) = [(no1 — noz) + il £ (x) (4)

where f(x) is a function which describes the spatial behaviour of the interface. If the
interface is abrupt, we can use a step function for f(x); it means f(x) = U(x), where
Ux)=1 if x<0 and U(x)=0 for x>0. On the other hand, we will use
f(x) =s(x) = 1/2[1 — tanh(xx)] to describe a general interface, where x represents the
physical steepness of the interface. Notice that s(x) — U(x) as k increases.
If we sustitute Equation 4 into Equation 3 we obtain

.0a 10% 2

—=-—=+Rf(X)|4 S

0 =5+ A4 +lafla (5)
where 4 = (ng; —noz)/ﬁ2|ao|2 represents the normalized refractive index difference;
R = Lg/Ly, where Lq = konppx} is the diffraction length and Ly = (1 /k2ﬁ2|a0|2) is the
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characteristic non-linear length. Moreover, Z = z/L4, X = x/x¢ and the beam envelope has
been normalized to ay. Finally, xo and a are the width and amplitude, respectively, of the
initial beam.

Throughout this paper we will concentrate on the internal reflection of first-order bright
spatial solitons, and therefore we further assume that xo and ao satisfy the relation
k2n02x3ﬁ2|a0|2 = 1, which implies R = 1 in Equation 4. Notice that under this assumption

as(X,Z) = sech[(X — Xp) — VZ] exp[—i®(X, Z)] (6)

is an analytical solution of Equation 5 valid for beams well inside the non-linear medium,
where f(X) = 1. In Equation 6 ®(x,z) = V(X — Xp) + (1 — V?)Z/2 + ¢, is the total phase
of the soliton with ¥ = tan6; being the normalized transverse velocity of the spatial
soliton, and with Xy < 0 (|Xp| > 1) and ¢, being constants. Equation 6 is no longer valid
near the non-linear interface, of course, and it is necessary to consider the spatial de-
pendence of f(X) in Equation 5. In the following section we numerically obtain the
fundamental properties of the non-linear interface under the incidence of a bright spatial
soliton, and in Section 4 we will give the corresponding analytical and physical support.

3. Numerical simulations of the internal reflection of a spatial soliton
Equation 5 has been solved by standard numerical techniques [19]. We neglect any
transient effect in the formation of the spatial soliton within the non-linear medium and
assume Equation 6, with Z = 0 and ¢, = 0, as the initial condition for the beam. On the
other hand, to avoid numerical noise caused by an abrupt interface, we use f(X) = s(X),
with x = 10. This proved to be a good representation for the non-linear interface.

Figure 2 shows the total internal reflection of the spatial soliton, obtained for an initial
transverse velocity of Vi, = 0.5. As we can see, the initial soliton travels first within the
non-linear medium, and then it falls upon the interface, where it is reflected by the non-
linear medium. Notice that although the spatial soliton narrows as it approaches the
interface, the peak intensity and the width of the reflected soliton are practically the same
as those of the initial soliton. Therefore, the soliton energy is conserved during the re-
flection at the non-linear interface. We will refer to this case as an elastic internal reflection
of the spatial soliton.

The elastic internal reflection of the soliton is progressively lost as we increase the angle
of incidence of the spatial soliton, and we obtain what we will call an inelastic internal

12
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reflection. Figure 3 shows the behaviour of the non-linear interface when the initial
transverse velocity of the spatial soliton is (a) ¥, = 1.5 and (b) Vi, = 1.9. In both cases, the
soliton clearly penctrates the interface, and part of its initial energy is transmitted to the
linear medium as a beam which spreads out due to diffraction. The reflected beams carry
only a fraction of the initial soliton energy. We have numerically computed the eigenvalues
of the reflected beams [15], and we obtained that they are also spatial solitons but with
smaller form factors. The form factor is a parameter which indicates how much the soliton
amplitude (width) decreases (increases), while conserving the same area of a first-order
soliton.

As is evident from Fig. 3, the form factor of the reflected soliton decreases as we increase
the transverse velocity of the incident soliton. This is also shown in Fig. 4, where we plot
the form factor of the reflected soliton as a function of the transverse velocity of the
incident soliton. Notice that the form factor decreases monotonically with V;,. For large
enough values of V,, the intensity of the reflected beam is too small, and it will not be able
to support a spatial soliton.

The most important quantitative characteristics of the internal reflection of the spatial
soliton at our non-linear interface are given in Figs 5 and 6. In Fig. 5 we have plotted the
position of the beam centre as a function of the propagation distance for several values of
the transverse velocity of the incident spatial soliton. The beam centre is defined in the
usual form

Ja*XadX
[aa*dx

and its dependence with the propagation distance gives us information about the reflection
angle, the penetration depth of the incident soliton at the interface, and also about the

X =

(7)
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velocity of (a) V =1.5 and (b) V = 1.9. Part of
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Goos—Hénchen shift [20, 21]. First, the transverse velocity of the soliton at any propa-
gation distance Z is taken as the Z derivative of the X versus Z curve. Figure 5 shows that
for ¥, =1, the incidence and the reflection angles, taken far away from the incidence
point, are essentially the same. However, as the transverse velocity of the initial soliton
increases the transverse velocity of the reflected soliton decreases. This important char-
acteristic of the non-linear interface is plotted in Fig. 6, where we see how far away from
the classic condition Vi, = V¢ we are as the incidence angle increases. Notice that the
deviation from the classic condition varies in a non-linear way with the initial transverse
velocity.

On the other hand, Fig. 5 also shows that the penetration depth of the soliton at the
interface increases as Vi, increases. At the same time, the Goos—Hinchen shift also
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increases as one increases the incidence angle. We now give an analytical description of the
numerical results obtained in this section.

4. Analytical description for the soliton internal reflection

at the non-linear interface

Our analytical description of the internal reflection of a spatial soliton at the non-linear
interface is based on the particle-like behaviour of the soliton [20, 21]. According to this
approach, the most important characteristics of the non-linear interface can be obtained
by solving the dynamical equation for the soliton centre. For our modified NLSE,
Equation 5, the propagation of the soliton centre, as defined in Equation 7, satisfies the

following equation
odx 1 oa* , Oa

where Py = [aa*dX. This equation was obtained by applying the operator [a*X dX to
Equation 5, and by adding this with the result of applying the operator [aX dX to the
complex conjugate of Equation 5. If we now take the Z derivative of Equation 8 and use
again Equation 5, we find that the soliton centre satisfies the equation of motion,

Py d's A/Maa*dX+l/w(aa*)2dX ©)

dzz ~ oxX 2] ox

For this analytical description, we can use f(X) = U(X), and replace df(X)/dX by the
Dirac delta function J(X). Moreover, we make the strong assumption that the soliton
moves like a particle without changing its profile. From the numerical results presented
above, this condition is satisfied only for small enough incidence angles when an elastic
reflection occurs. However, as we will see later, this assumption allows us to give a
quantitative estimation of several important physical parameters. From the mathematical
point of view, this assumption means that
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aa* = sech*[(X — %(2))] (10)
Under this condition, Equation 9 can be rewritten in the following form
d’s )

which establishes the motion of a particle % of mass Py under the force F(x) given by
F(%) = —Asech?(z) — %sec h*(%) (12)

The trajectory of the beam centre can now be obtained by solving Equation 11 with the
initial conditions

% =V
dz|,_,
X, = %0 (13)

However, an alternative to solve the Newton’s equation of motion, Equation 11, is to use
the energy conservation principle. This is possible, because the effective force of Equation
11 can be associated with the effective potential

1 1 2
v(X) = Aftanh(®) + 1] + 3 {tanh(i) - gtamh3 )+ 3 (14)
in terms of which the Hamiltonian acting on the beam centre is obtained
R (d#\* . R,
H=—|(— ==V 1
() ot =272+ o) (15)

Notice here that the first parameter we can estimate is the critical incidence angle at which
an elastic internal reflection of the soliton will occur. This is obtained when the kinetic
energy of the initial soliton is transformed into potential energy. In other words

— V2 = v(c0) (16)

e[

This result is in good agreement with our numerical simulations, where we used Py = 2 and
A = 1. It is worth pointing out that a first order soliton with higher energy (higher form
factor) will have a smaller critical incidence angle.

The penetration length, X, is obtained from the condition ¥ = 0, which is satisfied if

1 V2
X, == In[—"— 18
P72 “(V;% - Vé) "
The trajectory of the soliton centre predicted in Equation 18 allows us to give ap-

proximate values for the penetration depth and also for the Goos—Hénchen shift occurring
during the elastic internal reflection of the soliton. The Goos—Hénchen shift, 4Z, is defined
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as AZ = (Z, — Zy), where Z; and Z, are the points at which the parabolic-like trajectory of
the soliton centre crosses the Z-axis (see Fig. 5). AZ can be estimated by assuming a
parabolic expansion around the point at which X, occurs; that is,

N 1d%z
2 dz?

X(z) = xp (z—2p)

*p

Noting that

the Goos—Hiénchen shift is estimated to be

T . 1/2 (19)

for 4> 1.

5. Conclusions

We have studied the internal reflection of a bright spatial soliton at a non-linear interface,
which divides a Kerr-like and a linear medium. Our study was focused on the possibility of
obtaining a reflected spatial soliton. Our results indicate that there are three fundamental
cases. In the first case, for Vi, < ¥V, the reflection is an elastic one, and it is possible to give
analytical estimations for the penetration depth and for the Goos—Hénchen shift. In the
second case, for Vi, < V., we have ‘inelastic’ internal reflection of the soliton. The reflected
soliton has a smaller form factor than the incident one, and also |Vou| < |Vy|. Finally, for
large input angles (¥, > V), a large part of the input energy is transmitted to the second
medium in the form of a spreading beam. In this case, the reflected beam does not form a
spatial soliton due to its low intensity.

References

1. W. J. TOMLINSON, J. P. GORDON, P. W. SMITH and A. E. KAPLAN, Appl. Opt. 21 (1982) 2041.

2. P. W. SMITH, W. J. TOMLINSON, P. J. MALONER and J. P. HERMANN, /EEE J. Quantum Electron. QE-17

(1981) 340.

3. H. T. TRAN, J. Nonlinear Opt. Phys. Mat. 5 (1996) 133.

4. G. S. GARCIA-QUIRINO, J. ]. SANCHEZ-MONDRAGON, and S. STEPANOV, Phys. Rev. 4 51 (1995) 1571.
5. A. B. ACEVES, P. VARATHARAIJAH, A. C. NEWELL, E. M. WRIGHT, G. I. STEGEMAN, D. R. HEATLEY, J. V.
MOLONEY and H. ADACHIHARA, J. Opt. Soc. Am. B 7 (1990) 963.
. P. W. SMITH, and W. J. TOMLINSON, [EEE J. Quantum Electron. QE-20 (1984) 30.
. A. V. KHOMENKO, A. GARCIA-WEIDNER and A. A. KAMSHILIN, Opt. Lett. 21 (1996) 1014.
. A. C. NEWELL and J. V. MOLONEY, Nonlinear Optics (Addison-Wesley, 1992) p. 129.

9. M. CRONIN-GOLOMB, Opt. Lett. 20 (1995) 2075.
10. V. M. AGRANOVICH, V. S. BABICHENKO and V. YA. CHERNYAC, Sov. Phys. JETP Lett. 32 (1980) 512.
11. N. N. AKHMEDIEV, V. 1. KORNEEV and YU. V. KUZ’MENKO, Sov. Phys. JETP 61 (1985) 62.
12. A. B. ACEVES, J. V. MOLONEY and A. C. NEWELL, Opt. Lett. 13 (1988) 1002.
13.J. A. POWELL, E. M. WRIGHT and J. V. MOLONEY, SIAM J. Appl. Math. 54 (1994) 774.
14. R. DE LA FUENTE, A. BARTHELEMY and C. FROEHELY, Opt. Lett. 16 (1991) 793.
15. S. A. AKHMANOV, V. A. VYSLOUKH and A. S. CHIRKIN, Optics of Femtoseconds Laser Pulses (American
Institute of Phys, New York 1992) Chap. 4.

16. A. C. NEWELL, J. V. MOLONEY, Nonlinear Optics (Addison-Wesley, Redwood City, 1992), Chap. 3.
17. M. SEGEV, G. C. VALLEY, B. CROSIGNANI, P. DI PORTO and A. YARIV, Phys. Rev. Lett. 73 (1994) 3211.

695

[l o)



E. Alvarado-Méndez et al.

18. M. D. ITURBE-CASTILLO, J. J. SANCHEZ-MONDRAGON, V. A. VYSLOUKH, S. I. STEPANOV, S. CHAVEZ-
CERDA and G. E. TORRES-CISNEROS, Opt. Lett. 20 (1995) 1853.

19. G. P. AGRAWALL, Nonlinear Fiber Optics (Academic Press, 1989) p. 44.

20. A. B. ACEVES, J. V. MOLONEY and A. C. NEWELL, Phys. Rev. A 39 (1989) 1809.

21. A. B. ACEVES, J. V. MOLONEY and A. C. NEWELL, Phys. Rev. A 39 (1989) 1828.

696



