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Extended axial irradiances: Barker rings
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Abstract: For extending focal depth we employ a set of transparent concentric rings, which
are coded with the Barker sequences of length L. At the neighborhood of the paraxial focal
plane, these transparent masks generate an axial uniform distribution, which is modulated with
sinusoidal variations. For imaging applications, one can extend focal depth if the Barker length
is congruent to unity modulo 4. And, for optical trapping, a bottle neck irradiance distribution is
generated if the Barker length is congruent to three modulo 4.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

For several optical applications, it is convenient to introduce nonconventional modulations at
the pupil aperture of an optical system. Among other applications, we notice the use of the
Hadamard matrices for increasing the light gathering power of optical spectrometers [1,2]. For
imaging applications, it is convenient to employ masks that are coded with Walsh sequences
[3-8]. And now, it is known that one can control the depth of field of an optical system, without
reducing the pupil aperture, by employing suitable, tunable phase variations [9—11].

For non-imaging applications, we note the use of angularly coded phase masks, which are
used for generating an extended dark spot along the optical axis [12—14]. For detecting in-plane
rotations, it is convenient to exploit the autocorrelation properties of angularly coded masks [15].
Relevant to our current discussion, we note that there are several proposals for extending the
focal depth of an optical system, without reducing the light gathering power [16—19].

Here, we describe a nonconventional method for increasing focal depth while preserving high
light throughput. To this end, we use of a set of transparent concentric disks, which are radially
coded with the Barker sequences [20,21]. These phase-only disks are radially distributed as in a
zone plate.

In what follows we show that, at the neighborhood of the Gaussian focal plane, one can generate
axially extended irradiance distributions. For imaging applications, we recognize the following.
At the paraxial focal plane, the increased axial irradiance distribution has a maximum value, if
the set of disks are coded with the Barker sequence of either length L =5 or of length L = 13.

Furthermore, for applications related to particle confinement, we identify a different property.
At the neighborhood of the Gaussian focal plane, the increased axial irradiance distributions can
have a minimum value, at the paraxial focal plane. For achieving this later result, the proposed
set of concentric disks should be coded with the Barker sequences with length equal to L =3, or
L =7, as well as with L = 11. By using modular arithmetic arguments [21], we note that for the
first set of concentric disks, the lengths are congruent to unity modulo four. And, for the second
set of concentric disks, the lengths are congruent to three modulus four.
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For the sake of completeness of our proposal, in section 2, we briefly describe the Barker
sequences. In section 3, we discuss the use of a set of L. concentric disks, which are radially
distributed as in a zone plate. In section 4, we apply the autocorrelation properties of the Barker
sequence for reporting formula that describe the novel axial irradiance distributions. And in
section 5, we summarize our contribution.

2. Optical coding using the Barker sequences

The Barker sequences are a set of L binary numbers. The integer number L is denoted as the
length of the sequence. For assuring that the sequences have a middle element, here, we consider
lengths that are expressed as odd integer number, L =2 N +1. This feature is noted along both,
the first column and the second column of Table 1. Consequently, under our current discussion, a
Barker sequence reads B(N) ={B_n, . .., Bo, ... Bx}. In Table 1, along the fourth column, we
list five sequences that are relevant to our current task.

Table 1. Main features of the Barker sequences of length L=2 n +1.

N | L=2N+1 | Mod4 (L) B(N) Secondary Correlation Lobes
1 3 3 {1,1,-1} -1
2 5 1 {1,1,1-1,1} 1
3 7 3 {LLL,1,-1,-1,1, -1} -1
5 11 3 {1,1,1,-1,-1,-1,1, -1, -1,1, -1} -1
6 13 1 {1,1,1,1,1,-1,-1,1,1, -1,1, -1,1} 1

The Barker sequences are employed in RADAR engineering for achieving highly peaked
autocorrelation on the main lobe. There are several side-lobes that have reduced values. The
side-lobes can be either equal to unity or equal to minus unity as depicted in Fig. 1. In section 4, we
apply this autocorrelation property for reporting novel formulas, which describe nonconventional
axial irradiance distributions.
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Fig. 1. Autocorrelations of the Barker sequences of length L =2 N + 1. The side-lobes have
positive values if N=2 and N =6. And they have negative values if N=1, N=3, and N=35.
In these plots, both axes are in arbitrary dimensionless units.

In Fig. 2 we depict a classical optical processor that employs, as a spatial filter, a set of L
concentric disks. In this optical setup, the two depicted lenses have a focal length that is equal
to f. The back focal plane of the second lens is here denoted as the paraxial focal plane of the
optical system. The location of this plane is specified with the value z= 0. Along the z-axis, the
irradiance distributions are denoted as the axial irradiance distributions.

At the Fraunhofer plane, the radius of the circular pupil aperture is r, and its maximum value
is h. The wavelength is denoted as A. In this plane, we use polar coordinates (p =1/ (A f), @).
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Fig. 2. Optical setup depicting the use of a set of L concentric, transparent rings that are
located at the Fraunhofer plane of the optical processor. At the image plane, the focal plane
of the final lens, the axial coordinate z is equal to zero.

The lower-case Greek letter p denotes a radial spatial frequency, whose maximum value is the
cutoff spatial frequency Q. Equivalently, the cut-off spatial frequency is equal to Q=h/ (A f).
The lower-case Greek letter @ is the polar angle. At the image space, we employ cylindrical
coordinates (r, 0, z).

Under the paraxial regime, at the image space [22,23], the complex amplitude distribution is

Q 2n
p(r,0,z) :/ /P(p) exp(—in Az p?) exp(i2mrpcos(d — ¢))pdpde. (1)
0 0

In Eq. (1) we denote the complex amplitude transmittance of the radially symmetric pupil as
P(p). By setting r=0, in Eq. (1), one obtains that the axial complex amplitude distribution is

Q
p(0.6,2) =2 / P(p) exp(—inAzp’) pdp. )
0
Now, it is convenient to employ the following geometrical transformation
2 ]
¢=(E) -3 Pcire(£) = o) recu(¢). 3)
In Eq. (3) the lower-case Greek letter  denotes a dimensionless variable that helps to transform

a rectangular aperture into a circular aperture. Now, for relating our results with the classical
treatment of wave aberrations, we employ the following change of variable

/12 QZ
W = —( 5 ) . q(W) =p(0,6,2). “4)

The change of variable in Eq. (4) helps to transform the quadratic phase factor, inside the
integrand of Eq. (2), into the following linear phase factor

exp[—iﬂﬂzpz]zexp[in(¥)+i2n(¥){]. (5)
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In Fig. 3 we illustrate the above geometrical transformations, which are useful for relating 1-D
complex amplitude transmittances, Q(T), with 2-D complex amplitude transmittances that have
only radial variations, P(p).
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Fig. 3. Pictorial of the geometrical transformation that is useful for changing 2-D radial
variations into the 1-D rectangular variations. In this pictorial, the Barker sequence has
a length equal to five. The blue regions represent amplitude transmittance equal to unity,
while the orange regions represent amplitude transmittance equal to minus unity.

If in Eq. (2) one substitutes the new variables, in Eq. (3), the axial complex amplitude
distribution reads

0.5
q(W)=27T€Xp(i7T¥) / () exp[iZﬂ'(g) g’] d¢. 6)
[=-05

In the following section we use Eq. (6) for describing the use of phase-only masks that are
coded with the Braker sequences.

3. Barker disks

Now, for employing the Barker sequences as codes, we divide a 1-D, rectangular pupil aperture
into (2 N +1) sub apertures, rectangular windows. At each sub aperture, the complex amplitude
transmittance is equal to the value of an element in the Barker sequence, with length L=2 N +1.
In mathematical terms, the 1-D pupil aperture has the following complex amplitude transmittance

N (-4
Oai(¢) = ZN BA(N) rect ( A—g) : ()

In Eq. (7) at each rectangular sub aperture is represented by a rectangular function. Its width
is equal to AT, and its middle point is located at the positions C,,. In mathematical terms,

Af = 1 ) B n
¢= (2N +1)° on = QN+ 1)

Due to the geometrical transformation in Eq. (3), in the radial domain the equivalent expressions
are as follows. The radial complex amplitude transmittance is

®)

N
Payai(p) = ) BulN) circ(‘%). ©)
=N Pn
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The centers of the rings are at the radial positions p,, and the width of the rings are Ap. Their
explicit expressions are, respectively,

2N +2n+1
NS e

22N + 1)
N+n+1 2N+2n+1
App, =Q — | -\ =]
P \/( 2N+ 1 ) \/( 20N + 1) )
In Fig. 4 we show pictorials of the rectangular windows, as well as pictorials of their associated

rings. If the region is depicted in blue, then the amplitude transmittance is equal to unity. And if
the amplitude transmittance is equal to minus unity, then the region is depicted in orange.
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Fig. 4. Pictorial of the regions that are coded with the Braker sequences. The blue
regions represent amplitude transmittance equal to unity, while the orange regions represent
amplitude transmittance equal to minus unity. In (a) the rectangular windows in the C-domain.
In (b) the rings in the p-domain.

Next, we evaluate the axial irradiance distributions that are generated by using the proposed
phase-only rings.
4. Autocorrelation shaped irradiances

If one substitutes Eq. (8) in Eq. (7), and after taking the squared modulus, one obtains that the
axial irradiance distribution, which reads

lgan+1(W))? = (11)

N w
n;NBn(N)exp [lzﬂ(—/l(ZN+ 1)) W] sinc [(—A(2N+ 1)) .

From the last term in Eq. (11), it is apparent that the axial irradiance distribution has an
envelope, which is equal to a sinc function to the square power. This envelope has a width that
increases as the factor (2 N + 1) increases. Trivially, since for the clear pupil aperture N=1,
the result in Eq. (11) implies that the finite size of the rings helps to spread the axial irradiance
envelope.

Next, for making a proper assessment of the first term in Eq. (9), it is convenient to employ the
definition of the Strehl ratio versus focus errors. The definition reads

W )A |‘I2N+1(W)|

(12)
lgan+1(0)*

SZN+
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By substituting Eq. (9) in Eq. (10), one obtains an analytical expression for the Strehl ratio
versus focus errors, associated to the Barker disks; namely

2

nzg_NB,,(N) exp [1271 (/1(2N+1)) W]

Sov+1(W) =

13)

) w
ot

Now, it is convenient to take advantage of the correlation properties of the Barker sequences,
by rewriting Eq. (11) as

N—|m|
Z B|m|+n(N) Bn(N) cos [271' ((ZNTI)/I) W]

N—|m|
Z Bjujn(N) By(N)

Q2N +1)+2 Z

m=

Son+1 (W) =

14

.9 w
sine [(A(2N+1)) :
2N+1)+2 Z

It is clear from Eq. (12) that inside the axial irradiance envelope, there are axial irradiance
variations that are composed by two terms. There is a uniform background that is equal to the
length of the Barker sequence, L=2 N + 1. And there is a weighted sum of sinusoidal variations,
whose modulations are equal to the autocorrelation function of the Barker sequence.

In Fig. 5, we plot the axial irradiance distributions depicting these features. For further
discussing their characteristics, as a reference, we have plotted a black dotted curve. This dotted
curve describes the axial irradiance distribution associated to a clear pupil aperture, that is
sinc2(W/A). From a simple visual comparison between the dotted curve and the full line curves,
we claim that the propose mask are able to extend the axial irradiance distribution of an optical
system.

As pointed out in Table 1, and in Fig. 1, for the Barker sequence of length L=5 and L =13,
the autocorrelation function has several positive sidelobes. Consequently, from Eq. (12) we note
that the modulation of the sinusoidal variations will have a positive sign. And therefore, at the
Gaussian image W =0, the irradiance distribution has a maximum value.

Furthermore, it is interesting to recognize that from the viewpoint of modular arithmetic [21],
the lengths L =5 and L = 13 are both congruent to unity modulo four. That is Mod 4 (5) =Mod 4
(13) = 1. Their explicit, Strehl ratios versus focus errors are the following. For L =5,

5+ 2 cos (271(%) W)+2 COS(ZH(%) W)] sinc? (%) (15)

And for L =13,

S5(W) = (é)

13 +2 cos (271’(%) W) +2 cos (2 (% W) +

Si3(W) = (%) +2 cos (27r (%) ) +2 cos ( 2n (%) W) + sinc? (i) .

+2 cos (277 (3—0/1) ) +2 cos (27r ('3—2) W)
(16)
On the other hand, for the Barker sequence of length L =3, L =7, and L = 11, the autocorrelation
function has negative sidelobes; as was indicated in Table 1. Consequently, from Eq. (12) we
claim that the modulation of the sinusoidal variations has a negative sign. And therefore, at the

Gaussian image W =0, the irradiance distribution has minimum value.

It is also interesting to note that from the viewpoint of modular arithmetic, the lengths L =3,
L=7,and L=11 are congruent to three modulo four. That is Mod 4 (3) =Mod 4 (7) =Mod 4
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Fig. 5. Axial irradiance distributions associated to the use of the Barker rings. In (a) the
mask is coded with the Barker sequences of length 5 and 13, respectively. In (b) the mask is
coded with the Barker sequences of length 3, 7 and 11, respectively. The dotted curve, in
black, is the axial irradiance of a clear pupil aperture.

(11) =3. Their explicit, Strehl ratios versus focus errors are the following. For L =3,

S3(W) = [3 -2 cos (271(%) W)] sinc? (%) (17)
ForL=7,
B 7—2c0s(27r(% w .
) = -2 cos (27r (%) W) -2 cos (271 (%) W) sine’ (ﬂ) . (1%)

And for L=11,
11-2 cos (27 (27) W) - 2 cos (27 (i) W)
SuW)=| =2 cos (2 (185) W) =2 cos (2 () W) | sinc® (l) (19)
-2 cos (27 (i) W)

The five above axial irradiance distributions indicate clearly that one can extend the axial
irradiance distribution, by employing concentric rings, which are coded with the Barker sequences.

5. Summarizing comments

For extending the focal depth of an optical system, we have described an optical method that
employs a transparent mask, which is composed by a set of concentric disks. Equivalently, we
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have discussed the use of a spatial filter that broadens the axial impulse response, and in this
manner, the mask increases the Strehl ratio versus focus errors.

For designing the proposed mask, we have described a procedure for generating a set of L
partitions on 1-D pupil aperture. At each partition, the complex amplitude transmittance is equal
to one value of a Barker sequence of length L. As a second step, on the optical design of the
mask, we have discussed a geometrical transformation that maps the 1-D partitions into a set of
concentric disks.

Then, we have obtained a mathematical formulation that describes the influence of the proposed
disks on the figure of merit known as the Strehl ratio versus focus errors. Out of our mathematical
formulation, we have shown that the axial irradiance distributions are composed by two terms.
The first term is an axial uniform background. And the second term contains several sinusoidal
variations. The modulation of the sinusoidal variations was related to the autocorrelation of the
Barker sequences.

We have reported five new expressions, which indicate that the irradiance distributions are
spread, without zero values, along the optical axis. Related graphs depict the spreading of the
axial irradiance distributions.

For potential imaging applications, we have noted that at the focal plane the axial irradiance
distribution can have a maximum value, if the Barker lengths are L =5 and L = 13. These two
lengths are congruent to unity modulo four.

On the other hand, for optical trapping, it is convenient to have an axial irradiance distribution
a minimum value, at the focal plane. This optical characteristic can be if the set of concentric
disks are coded with the Barker sequences of length L =3, L =5 and L = 11. From the viewpoint
of modular arithmetic, these lengths are congruent to three modulo four.
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